Introduction
The Financial Stability Board (FSB) describes a systemically important financial institution, or SIFI, as a financial institution "whose disorderly failure, because of their size, complexity and systemic interconnectedness, would cause significant disruption to the wider financial system and economic activity."
1 Developed in the aftermath of the recent global financial crisis, this characterization represents an expanded regulatory definition relative to earlier ones based primarily on size (e.g., the list of "mandatory banks" subject to the Basel II capital regulations, see 72 FR 69298, December 7, 2007) .
In particular, the collapse of Lehman Brothers in September 2008 highlighted the extensive interconnectedness of the financial system and the importance of considering not just the risk of a single firm but the risk to the entire financial system, i.e., the systemic risk. Interconnectedness can be formulated mathematically in terms of networks and indeed, a May 10, 2013 speech by Fed Chairman Ben Bernanke noted that "Network analysis, yet another promising tool under active development, has the potential to help us better monitor the interconnectedness of financial institutions and markets." In fact, there are a number of studies applying the techniques and metrics of network science to the analysis of economic and financial networks (e.g., Hutchinson et al., 1994 , Cohen-Cole et al., 2010 , Haldane and May 2011 , Adamic et al., 2012 , Battiston et al., 2012 , Hautsch et al., 2012 , 2013 , Squartini et al., 2013 , Caccioli et al., 2014 . These papers have shown that the network of interdependencies is complex, and dependences of many different types overlap and interact (May, Levin, and Sugihara 2008) . Because financial institutions hold various levels of interest in one another (Vitali et al., 2011) , the collapse of any single entity can initiate a cascade of unforeseen events that in the worst of cases brings about the failures of many other financial participants, be they individuals, institutions, or even sovereign nations (Foti, et al., 2013) .
While the interrelationships among financial network participants now are being widely studied, there has been comparatively little development of metrics concerning the complexity of the individual firms that comprise the system -the other key attribute highlighted in the SIFI definition. Failing any direct definition, one view of an individual firm's complexity comes from the lens of governance: "high complexity" would be interpreted as a corporate control structure rife with governance challenges for a firm's management, resulting in a lack of oversight that in turn poses significant operational, reputational, and balance sheet risk (Vitali et al., 2011) . For example supervisory challenges have been evident in news surrounding both JP Morgan Chase's large trading loss and Barclays PLC's LIBOR fine, with senior management at both firms denying knowledge of the underlying operational lapses. A similar "rogue trader" event occurred at Société Générale in July 2007 and threatened to disrupt financial markets before it was determined to be an isolated incident. These examples illustrate the challenges associated with assuring sufficient oversight in organizations that often have very complex control and governance structures. Such complexity contributes to the possibility that subsidiaries act in relative obscurity within the organization, in spite of their significance to the overall viability of the parent institution. In this context, complexity therefore poses risk to the organization. When coupled with a high degree of interconnectivity, the combination can pose a risk to the global financial system as a whole.
In addition to the challenges that a firm's management faces, complex control hierarchies also present difficulties for regulators tasked with supervisory oversight. Prior to the recent financial crisis, banking supervision largely focused almost exclusively on institutionspecific supervision. Since then, a recognition of the insufficiency of this approach in preventing the crisis has led policymakers to instead emphasize "macroprudential policies [that] differ from purely microprudential approaches in that they are intended to protect the financial system as a whole and, by extension, the broader economy" (Yellen 2010) , an effort that is behind the SIFI designation. Yet despite this stated goal, many of the systemic risk mitigation efforts by regulators have been implemented via aggregation of firm-specific information (e.g., call reports, stress tests) and the imposition of uniform reporting requirements. This aggregation has occurred despite substantial variation in the organizational structure and mix of business activities found in financial institutions. Greater complexity (in terms of organizational structure and business activities) of an individual firm in turn makes it harder for a supervisory entity to disentangle and understand the firm's larger systemic interconnectedness and increases the likelihood that some parts of the firm's activities and interrelationships go unnoticed. In the case of large multinational organizations, a complexity measure related to oversight would naturally account for the burdens posed by coordinating over multiple national and regulatory environments. For the supervisor and regulator, complexity and opacity are often synonymous. Therefore, the identification of metrics that enable comparison across firms that may have very different control hierarchies is of critical importance in the post-crisis environment.
One view of the organizational structure of a firm comes from its control hierarchy( [Vitali et al., 2011) . This consists of the (parent) company and all of its subsidiaries, considered in its natural hierarchical and networked arrangement. This is effectively a standard representation of the intraconnectedness of a firm. While network complexity is a wellstudied subject (see e.g., Bonchev and Buck 2005) , much of this literature seems not to be applicable to the very specific kinds of network topologies of the control hierarchies, which are rooted directed trees (in the parlance of computer science). Figure 1 shows a simple example of such an object.
Relevant, but different, is the literature and work in the measurement of business firm complexity or operational complexity. For example, Grant et al., (2000) define "operational complexity in terms of its lines of business and geographic operations regions, considered separately, jointly, and interactively" and use it to consider how such complexity is associated with equity analyst following. They classify firms according to operating segments, a unit of measure that recognizes the link between a firm's geographic and business line structures. They argue that such an approach is more parsimonious (and hence may improve inference) than considering each dimension separately, and is particularly appealing for firms that are highly segmented in terms of which business lines operate in specific countries. As a result, they use the product of the number of business lines and geographic regions as a measure of a firm's operational complexity. This paper explores the possibility of using network-based metrics to encode the organizational complexity of many of the SIFI institutions. Ours is a novel approach that uses the innate network structure of the control hierarchy. In doing so, we therefore highlight the importance of considering intra-firm complexity in addition to the morecommonly-studied inter-firm complexity (i.e., the interconnectedness across firms) when determining SIFI designations. As we explain below, we see this network representation of the control hierarchy, as well as the metrics we construct, as intimately related to the kinds of oversight/regulatory concerns that we have outlined above.
To this end, it is worth noting that in 2011, the Financial Stability Oversight Council (FSOC), tasked under Dodd-Frank with the authority to confer the SIFI designation, began doing so, much to the chagrin of some of the affected firms. At least one of these firms (Prudential) stated its intention to contest the designation.
2 Additionally, MetLife very publicly deregistered as a bank holding company and sold portions of its business in an attempt to avoid the SIFI designation and the more stringent capital requirements that come along with it. It is interesting, therefore, to consider the way in which organizational complexity may respond to regulatory oversight. As the implications of being designated a SIFI evolve, criticisms over the lack of quantitative metrics to evaluate the appropriateness of the designation have emerged.
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In addition to aiding our understanding of the firms' (hierarchical) complexity, we use the network framework to identify new metrics for operational risk in these market participants. Such metrics may be useful for the creation of an "early warning system" for the kinds of institutional opacity that might in turn feed into an early identification of increased systemic risk. The metrics are also designed to inform supervisory judgment regarding the SIFI designation. The network encoding and associated metrics also open the door for the use of simulations as a means of assessing changes in complexity should a firm alter its business structure via a change in control hierarchy. Such simulations could provide a helpful tool for understanding the supervisory implications of altering a firm's control hierarchy in the process of winding down a firm (such as in the case of the dismantling of Lehman Brothers), or in arranging a rapid acquisition, (e.g., in the cases of the JP Morgan Chase acquisition of Bear Stearns, the Wells Fargo acquisition of Wachovia, or the Bank of America acquisition of Washington Mutual). The goal would be to reduce, rather than increase, systemic risk in the wake of a crisis and these metrics provide a means of comparing the organizational possibilities.
 Do size rankings match complexity rankings that utilize country and SIC (Standard Industrial Classification) code information?  How has the complexity of SIFIs changed over time?
Data
We use an anonymized data set provided to us by Kingland Systems 4 of twenty-nine large financial institutions that include 19 of the original 29 SIFIs and 10 other firms (5 non-SIFI banks and 5 insurance companies). See Appendix A for a complete list of the firms. In the analysis, the data are numbered in random order within group (i.e., SIFIs, non-SIFI banks, and insurance companies) to protect confidentiality.
For each firm, we obtain underlying data that encodes the control hierarchy. As described above, this is the evolving intra-institutional system of relationships that stems from the "ultimate parent" (the SIFI of interest) through the ongoing process of creation, acquisition, and dissolution of subsidiaries by various entities in the institution. In this context "control" is defined as an ownership stake of at least 51% and a seat on the board, but in actuality the articulation of control can be more subtle than that (e.g., it may depend upon the nature of ownership in terms of the kinds of interest -voting or non-voting).
5 In addition to the control relationships the dataset also contains the country of origin and SIC 6 (Standard Industrial Classification) code of each entity. We have data for the twenty-nine institutions at two distinct dates, May 26, 2011 and February 25, 2013 .
Methods
We draw on techniques from the science of networks to analyze the organizational structure of these large market participants (see Newman 2010 for a basic reference). Network analysis has already proven important for its ability to articulate complex interrelationships in a host of other disciplines, especially social systems (e.g., social networks) (Watts 2004) , ecological networks (Dunne 2006) , a variety of biologically-based networks (Dodds and Watts 2005; Allesina and Pascual 2009), management and organizational structure (e.g., Mirrlees 1976; Cremer 1980) , and of particular relevance, financial and economic networks (e.g., Thurner et al., 2003; Boss et al., 2005; Leibon et al., 2008; May et al., 2008; Kyriakopoulos et al., 2009; Cohen-Cole et al., 2010; Jackson 2010; Tumminello et al., 2010; Adamic et al., 2012; Avraham et al., 2012) .
The networks describing the organizational control structures of the firms in our study are characterized by a rooted directed tree structure. This type of network is composed of nodes and (directed) edges (see Figure 1) . A tree is a network without loops. It is directed if the links come with a direction. Note (as indicated in Figure 1 ) a rooted tree has a preferenced node, the "root." In the trees of interest (representing control hierarchies) all edges point away from the root. An edge pointing from node A (the "parent") to node B (a "child") encodes the fact that entity A "controls" entity B (i.e., entity B is a subsidiary of entity A). The root of the tree is also called the ultimate parent. Nodes that have no directed edges to other nodes (i.e. they do not control any entities) are called leaves. The maximum number of nodes that a path from the root to any leaf would pass through is referred to as the depth of the tree. The number of children for a given node is called the degree of the node.
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Regulatory constraints create conditions of control that are reflected in the organization of the rooted trees derived from the control hierarchy. For example, the Banking Act of 1933 (more commonly known as the Glass-Steagall Act, after its Senator and Congressman sponsors) required a separation between commercial and investment banks (as well as other restrictions). In a network theoretic framework, this would mean that under Glass-Steagall, commercial and investment banks would need to be in different subtrees in the control hierarchy (e.g., in Figure 1 , investment banks would need to be on one side of the root and commercial banks on the other). Similarly, legal and tax incentives might drive the patterns of country-incorporation, resulting in a tree structure where nodes associated with a specific business classification are also associated with a specific country. The 1999 passage of the Gramm-Leach-Bliley Act repealed many of the Glass-Steagall restrictions, fostering substantial growth-by-acquisition in the banking sector as banks diversified into new industries and countries. In tree terminology, this means that SIFI trees are no longer characterized by country-or SIC-specific subtrees but instead have become more jumbled. As the recent financial crisis unfolded, many viewed the repeal of Glass-Steagall as partially responsible, and calls to reenact it intensified, resulting in the 2010 Dodd-Frank Act. As a result, we might expect to see SIFI trees moving back toward their pre-1999 subtree separation. Therefore, the patterns of SIC and country codes (as node labels) in the control hierarchy help to reify regulatory changes and should be of interest to regulatory supervisors.
The tree structure of a SIFI is driven by basic conflict-of-interest considerations. That is, as we navigate through a chain of subsidiaries, we will never loop back to any of the intermediate (or parent) entities. As explained in Section 2, the control hierarchy imposes a tree structure on the data. For illustrative purposes, it is useful to select a firm with a small number of nodes to explore the information in the tree layouts further. Figure 2 considers SIFI S11; in 2011, this firm had 43 nodes, corresponding to 14 countries, four 1-digit SIC codes, and seven 2-digit SIC codes, with a tree depth of 4. In figures such as this, the largest circle represents the ultimate parent, with the size of other circles decreasing with growing distance from this parent; the smaller the circle, the farther down the tree it is. Figure 2a shows the layout of S11 by depth. Note that SIFI S11 has most of its subsidiaries at depth 3, with 28 entities distributed among four subsidiaries at depth 2. In addition, all but one of the children of the root (ultimate parent) is a leaf (does not control any additional 7 More generally with directed trees this is often referred to as the "out-degree" of the node, to distinguish between the "in-degree", that is, the number of immediate parents of a given node. However, in a rooted tree, all nodes except for the root have in-degree one, so throughout this paper we will use "degree" to refer to outdegree. subsidiaries). Thus most of the control hierarchy in this tree emanates from one child of the ultimate parent; in the absence of that one node, the tree would have depth 1. It should be evident, therefore, that severing the link between the root and that particular node would dramatically change the tree configuration, whereas severing the link with any other nodes at depth one would hardly change the configuration at all. Put another way, that node is central to the complexity of the firm's control hierarchy. Hence it may be a node of particular focus for a supervisor charged with evaluating the complexity of the SIFI.
Figure 2b considers S11's control hierarchy when labeled by country. Despite the parent company being incorporated in Japan, most (five of eight) of its immediate children are incorporated in Great Britain, with only two incorporated in Japan and one in Greece. Yet among the 35 other children in the tree, all except the two US subsidiaries at depth 4 have an immediate parent that is also incorporated in Japan, suggesting from the perspective of a Japanese supervisor, it will be relatively easy to obtain information at all levels of control of the firm since there are only two entities beyond the immediate reach of the supervisor, assuming that a supervisor has access to all information within its own country. 8 Figure 2c illustrates S11's control hierarchy labeled by 1-digit SIC code. At the 1-digit level, this firm is fairly homogeneous, with 31 of the children of the ultimate parent operating in the same industry. In addition to financial services, this firm has control over one entity in SIC area 3 (roughly construction and equipment), and 11 in services (areas 7 and 8); for the most part the services are concentrated in one subtree (to the left of the diagram). With most of the tree falling into the same SIC classification, it is evident that a financial services supervisor would be able to assess most of the firm's activities without having to rely on coordination with other supervisors. In addition, since the subsidiaries that fall under SIC classification 7 are concentrated in one subtree, the diagram highlights a single link that might warrant additional scrutiny or that might be severed should either the firm or supervisor wish to reduce the range of the firm's business activities. Figure 2d analogously illustrates S11's control hierarchy labeled by 2-digit SIC code.
For comparison, consider Figure 3 in which we see the same kinds of snapshots (at the same date) for a much larger firm (S16): this firm has 1778 nodes, corresponding to 32 countries and 100 SIC codes, with a tree depth of 5. Once again, we provide three representations color-coded according to distance from the root, country of origin, and 1-digit SIC code, respectively. All layouts were done using the freely available Gephi software package. 9 The layouts are normalized to be consistent across figures -that is, we have created layouts in which nodes are in the same positions from figure to figure. In all figures, the size of the circle represents tree distance from the root node. Figure 3a provides further detail and shows that the majority of nodes are at depth 2. Specifically, there are 299 nodes at depth 1, 1186 nodes at depth 2, 188 nodes at depth 3, 24 nodes at depth 4 and 80 nodes at depth 5. Figure 3b illustrates that in addition to the parent company being located in the US (the largest circle in the center), the majority of S16's subsidiaries are also located in the US. In addition, some of those US subsidiaries themselves have quite elaborate control hierarchies, judging from the large clusters at the top of the figure, as well as the ones on the far left, far right and bottom of the figure, that are almost exclusively comprised of US subsidiaries. There are also a large number of subsidiaries located in the UK (green), Germany (yellow), and Spain (light blue), with the UK and Spanish subsidiaries having a number of children that are located in the same country as their immediate parent. Figure 3c shows that while many of S16's subsidiaries are in the same 1-digit SIC classification as the parent company (classification 6 -Finance, Insurance, and Real Estate), the company also has a fairly diversified range of subsidiaries with the second largest 1-digit classification in the wholesale and retail trade sectors (SIC code 5).
Taken together, Figures 2 and 3 illustrate that this view of complexity is multidimensional, that is, a firm that has a complex SIC classification structure may not have a complex country structure and vice versa. Identification of these complexity dimensions provides a way to compare sometimes very disparate firms and can inform allocation of supervisory resources aimed at managing systemic risk. In addition, it is necessary to develop metrics with which to compare firms' complexity.
Statistical Description of Heterogeneity
This section of the paper delineates some common metrics that quantify several important characteristics of the institutions' control hierarchy trees. These highlight the degree of heterogeneity in the firms' structures and provide a basis for comparison despite these differences.
A fundamental quantitative descriptor for any network (tree or not) is its degree distribution. This describes the probability distribution associated with the tree's set of degrees (i.e., the function d(i) that records the fraction of nodes with i children). Note that a tree with "regular branching" (i.e., where each non-leaf node is the parent of a constant number of children) produces a degree-distribution that is concentrated at two values, zero for any leaf node and some fixed non-zero constant value for all nodes that have children. For example, the rooted tree in Figure 1 has regular branching in which all nodes with children have out-degree two. Just as the degree distribution of a tree describing a firm's reporting lines might be used to characterize the spans of control (Urwick 1956 ) of its management, the degree distribution of a firm's control hierarchy analogously might be used to describe a supervisor's span of control in assessing the firm's systemic risk. Yet it is not just the number of children emanating from a node that is important for supervision. Rather it is the ease by which a supervisor can access information in order to make his or her assessment. For instance, an entity with many children that all fall under the same supervisor might be easier to assess than an entity with fewer but where the children in the latter case all fall under different country or SIC classification and hence require coordination across a number of supervisors.
For this reason, we therefore introduce a new metric that we believe is more closely linked to the supervisory interpretation of complexity that we have adopted, specifically a metric of complexity that we see as related to challenges in supervision derived from the need to coordinate oversight efforts across a variety of jurisdictions and agencies. More precisely, we assume that from a supervisory perspective, the simplest structure a firm can have is one where the firm and all its subsidiaries are situated in the same country and operate in the same industry. In such a setting, coordination burden is minimized. This forms the baseline for our analysis, and in assessing the complexity of any given firm, we derive a measure reflecting the distance of the control hierarchy tree from this "ideal" supervisory or perfect tree 10 structure. To this end we introduce the notion of perfect tree similarity.
In our framework, a perfect tree is comprised of perfect groupings, that is, country-specific (or SIC-specific) groupings that do not involve other countries (SIC codes). Our working hypothesis is that the greater the number of perfect groupings in a tree, the less likely that difficulty in one country (industry) will spill over into other countries (industries) in which the firm operates. Thus by comparing the firm's actual organizational structure to a perfect tree structure, we can draw inferences about the extent of contagion that a firm would experience were one of its subsidiaries to experience deterioration.
For each firm's baseline, we consider a "perfect," supervisory tree to be one with topology equal to the firm in question, where beginning with the nodes at level 2 each child has the same label (either country or SIC classification) as its immediate parent, --i.e., we take as given the firm's heterogeneity at depth 1, reflecting its decisions regarding the distribution of business or geographic lines to each of its immediate subsidiaries (children). In this context the working hypothesis is that a "perfect" supervisory tree represents the simplest supervisory structure, one in which each supervisor's entities are purely domestic (countryperfect tree) or within a single industry (SIC-perfect tree). The underlying hypothesis is that less breadth of expertise is required to supervise/evaluate an entity that possesses a perfect supervisory tree (for example, across different national jurisdictions or industries) than in a firm that has a tree structure that is farther from perfect. Put another way, we accept each firm's prior business decisions regarding the distribution of countries (industries) in which it operates and are merely assessing the efficacy of its control hierarchy (organizational structure) from a systemic risk (supervisory) perspective within this distribution.
For any firm, we compare the proximity of their actual control hierarchy to their perfect supervisory baseline via a perfect tree statistic, that is, the fraction of nodes with the same label (i.e., country or SIC code) as their immediate parent. The statistic is therefore bounded between zero and one. Note that in a perfect tree (i.e., a tree in which the perfect tree statistic is equal to one), removal of a node and all subtrees below it will not change the value of the statistic.
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In contrast, a value of zero means that the subsidiaries below depth 1 are always different in character from their immediate parent (with respect to a given characteristic -country or SIC) and therefore would require maximal coordination among supervisors across all countries (industries) in which the firm operates. Thus, to the extent that a firm's tree structure is closer to a perfect supervisory tree, we reason that it is easier for both the firm and the supervisor to track/monitor the activities of its subsidiaries.
The benefit of the perfect supervisory tree comparison is that it takes each firm's current organizational structure as given and does not require uniformity of business model across firms. Firms can be evaluated according to their own internal structure and the level of complexity they exhibit as a result of that structure can inform the allocation of supervisory resources. In this sense, we see this as a statistic that attempts to address the common "onesize-fits-all" criticism firms often make regarding the application of banking regulations to their business. The closer a firm is to its own perfect supervisory tree, the easier it will be for supervisors in different jurisdictions or industries to evaluate the portion of the firm they are responsible for without worrying about externalities that other parts of the firm might impose or contagion that a lapse in their oversight might cause to the rest of the firm.
In practice we recognize that the perfect tree characterization is too rigid and the costs associated with a fully-segmented structure may far outweigh the benefits of globalization and cross-border banking, but we believe it provides a useful regulatory ideal against which real world instances can be compared.
Assessing tree design
We evaluate the likelihood of a firm's organizational structure under the premise that more "common" designs (given a distribution of countries of incorporation/SIC classifications) might be easier for a supervisor to evaluate. Specifically, we take a firm's tree topology (degree distribution) as given and bootstrap all nodes and edges emanating from the ultimate parent, using 1000 replications, drawing from the firm-specific empirical distribution (i.e., with probability weights equal to those in the empirical distribution) of country and SIC codes. For each replication, the perfect-tree-similarity statistic is computed. The replications therefore allow us to generate a distribution of possible structures for each firm, conditional on its overall tree design (organizational structure), and to compute a range of summary statistics from these distributions. Such an approach allows a supervisor to compare supervisory complexity across firms that have different business models and country/industry profiles, while still holding the tree topology and distribution of countries/industries fixed for each firm.
Results
We present a large number of results describing the tree topology 12 of the banks. These are given in the following subsections: 1) Basic descriptive statistics 2) Degree statistics 3) Power law fits 12 The "topology" of the tree or any network is the connectivity structure, that is, the layout of nodes and edges corresponding to the linkages in the network.
4) Parent-Child Transitions 5) Similarity statistics
We then use these metrics to draw inferences about the firms to determine whether there are differences between the different types of institutions. Finally we consider whether our metrics provide additional information beyond the size delineation that has traditionally been used to classify institutions that warrant greater regulation due to their systemic importance.
Overall basic descriptive statistics.
We begin with some basic descriptive statistics in Table 1 , giving for each firm the total number of nodes (entities) in its tree, the number of distinct countries and SIC codes represented by the nodes, and the number of levels (i.e., depth) of each tree. The table illustrates the variation in tree structure across the firms and across time. In particular, in 2011 the number of nodes in a tree ranges from 43 to 16,443; the number of distinct countries and SIC codes represented by the nodes ranges from 10 to 89 and 13 to 281, respectively. In addition, the tree depth varies from 2 to 7. By 2013, there is less variation across firms. The number of nodes in a tree ranges from 330 to 12,752 while the number of distinct countries and SIC codes ranges from 23 to 86 and 27 to 164, respectively. The decline in number of countries and SIC codes is offset by the increase in tree depth for all but two firms, likely a result of post-crisis acquisitions. For some firms the increase in tree depth is substantial: for example, firm S17 increased from a tree depth of 4 in 2011 to 20 in 2013. Table 1 is supplemented by Figures 4 and 5 which give a coarse scale indication of the overall structure of the dataset. The former shows the distribution of countries of incorporation over the totality of entities and the latter the distribution of SIC classifications at a granularity of one and two digits in the SIC.
Overall degree statistics.
One way to characterize complexity of the SIFI trees is via the hierarchy distribution, that is, the proportion of nodes at each level of the tree hierarchy. To aid our understanding of how tree hierarchies might be used in the context of large financial institutions, it is useful to first consider how different organizational structures correspond to different hierarchy distributions. For example, an institution with a very flat (i.e., "entrepreneurial") management structure would have a large proportion of nodes at level one and relatively few branches extending from those nodes. In contrast, an institution that concentrates its decision-making among only a few senior managers who are then held accountable for large portions of the firm would have a larger proportion of nodes at lower levels of the tree. Such a diffuse tree might also be found among organizations that have experienced significant growth by acquisition, such as many financial institutions in the decade preceding the recent financial crisis, where the tree of an acquired complex organization may have been grafted to the tree of the acquiring parent somewhere below the highest level, creating a very hierarchical structure of great depth (a "bureaucratic" structure).
Firms also might be arranged along geographical ("divisional") or industry ("functional") lines (Armour and Teece 1978) .
The hierarchy distribution for our sample of firms is summarized in Figure 6 , for 2011 and 2013 separately. Note that there is substantial variation across the firms. For example, while in 2011 more than one-third of the firms have more than half of their nodes at the first level of the tree hierarchy, others have relatively few nodes branching from the ultimate parent and instead have a large concentration of nodes farther down the tree (e.g., S13 and B1). None of the firms with the deepest trees (i.e., more than six levels) have node concentration at the first level of the tree hierarchy, indicating a flatter or more diffuse organizational structure. Note firm I4 has a tree structure that spreads out at each level in 2011. Across all firms in our sample, roughly one-third of the nodes are in each of the first two levels, another 22% in the third level, and only 10% at deeper levels in the tree hierarchy.
In contrast, by 2013, the tree hierarchies of the firms in our sample deepened substantially. For example, only half as many (five) firms now have more than half their nodes at the first level, while 14 have less than 10% of their nodes at the first level. In addition, 11 firms now have more than seven levels while just two years earlier, none did. Across all firms in the sample, by 2013 roughly 25% of the nodes were at deeper than the third level. Thus from the perspective of consolidated supervision, the challenges associated with assessing these firms increased dramatically, with many entities in the organization being much farther removed from the parent.
Power law
Of particular relevance for control hierarchies are the similarity of their degree distributions (described in Section 3.1) to so-called power law distributions. These are particular instances of heavy-tailed distributions and more specifically, are distributions that have the form x -r for some r > 1.
A wide variety of natural phenomena have been shown to exhibit behavior that can be approximated by a power law (Mitzenmacher 2004 , Newman 2010 . Networks with a power law degree distribution are also called scale-free, which is simply a shorthand for the property that the form of the degree distribution is such that it does not change under a simple scaling of the unit of measurement. Power law structures are consistent with a growth model of preferential attachment (Simon 1955) . In this "rich get richer" scenario those entities that already have many subsidiaries are more likely to acquire new subsidiaries (in a manner proportional to their current fraction of subsidiaries). This is in contrast to a normal distribution, which would be consistent with a random growth model, or for that matter, a degree distribution concentrated or largely concentrated at a single value, that encodes a fixed branching. The latter scenario that might reflect some sort of internal rule about the number of subsidiaries that the firm believes should be controlled by a given parent. Table 2 contains power law results for all the firms in our sample and both time periods.
The heavy-tailed nature of the power law distribution is of particular interest vis-à-vis supervision. If there are a relatively few entities with an inordinate number of direct subsidiaries, then they would merit special attention and their relative scarcity would direct an efficient use of supervisory resources. Additionally, power law distributions have an interesting relation with the Gini coefficient (a commonly used measure of inequality): the higher the exponent (or rather the higher the absolute value of the exponent, since it is negative), the smaller the corresponding Gini coefficient of the distribution, so that the more "evenly distributed" (in the sense of Gini coefficient) are the nodes in terms of degree.
13

Markov Statistics (parent-child similarities)
As noted above in the discussion of both degree and hierarchy distributions, from a systemic risk perspective it is not just the number (or proportion) of child nodes that emanate from a parent node that matters but also the similarity between the parent and child.
14 In this section we therefore ask the following: Given that a node is in a particular country A, what is the probability P(A|A) that the node below it is also in country A? This is one simple measure of a type of "homophily" in the network, or the predilection for a node (in this case a parent) to be connected to another node of the same kind. See Easley and Kleinberg (2009), Chapter 4 for some discussion of this concept in the general network setting.
From a systemic risk perspective, such a metric is useful in identifying potential contagion effects should a firm start to exhibit signs of stress. The higher the in-country probability (and hence the lower the out-country probability), the more likely a supervisor will be able to contain disruption and avoid spillover effects. In Table 3 we compute this probability for each country, using all firms in our sample, for both 2011 and 2013. This varies dramatically for different countries. In 2011, Canada has the highest probability, with P(A|A) = 0.97; in contrast Switzerland has the lowest, with P(A|A) = 0.11. Part of the reason for this variation is differences in country frequency; for example under random assignment a country that has more nodes in the network has a greater likelihood of being paired with its own country than does a country that has fewer nodes in the network. By comparing the in-country probabilities in 2011 to those in 2013, however, we see that for most countries, in-degree probability increases, with many countries above 0.9. This suggests that firms have shifted their organizational structure to consolidate subsidiaries from a given country under parents from the same country. 13 For a nice visualization see http://networkscience.wordpress.com/2012/04/19/power-law-paradox-powerlaw-exponent-does-not-mean-what-you-think-it-means/ 14 Although for expositional purposes much of our discussion has focused on the ease of a supervisor to "look below" in examining entities that are lower down the tree, our focus on the similarity between parent and child nodes stems from the view that risk management will be easier when, for example, a child has the same legal, accounting, tax, or supervisory framework as its parent.
Complexity and Changing Structure -Perfect Tree Similarity Statistics
In this section we document the fluidity of SIFI control hierarchy by comparing the perfect tree statistics in 2011 and 2013. As is the case for many complex systems, the structure of the control hierarchy is a response to a variety of endogenous and exogenous forces. A significant component of the latter comes from regulatory frameworks, which can include pressures that come from tax and corporate legal structures as well as supervisory restrictions on activities. Table 4 summarizes the country-level perfect tree simulations for each firm and both dates, grouped by firm type (SIFIs, non-SIFI banks, and insurance companies). For each firm and each date, four statistics are reported: (1) the firm's "actual" perfect tree statistic (described in Section 3.2), (2) the mean of the same statistic computed for all 1000 replications of simulated data, (3) the standard deviation of the 1000 replications, (4) the empirical quantile corresponding to where the actual statistic would lie in the empirical distribution generated from the 1000 replications.
It is important to note that while perfect tree statistics of different values can be compared within a single firm (i.e., a lower value means more subsidiaries are different from their immediate parent than a higher value), care needs to be taken when comparing these statistics across firms because the proximity to a perfect tree depends on each firm's underlying topology. For this reason, it is useful to consider the moments and/or quantiles as a result of the perfect tree simulations. For example, a comparison of S9 and S11 in 2011 reveals that although S9 has a perfect tree statistic that is close to one, the arrangement of its subsidiaries is actually far from perfect (falling in the lowest third of the simulated distribution). In contrast, S11 has a much lower perfect tree statistic (0.279) but is in the 99.85% quantile compared to other control hierarchies that could result from its given country distribution. That means that given the distribution of countries at depth 1, its control hierarchy is "nearly perfect" in terms of ease of supervision, as most downstream child nodes belong to the same country as the corresponding node at depth 1.
In 2011, 9 of the 29 firms had country structures that were significantly different from their corresponding perfect tree, given their topology (that is, a test of the null hypothesis that the firm's perfect tree statistic is equal to one is rejected). In addition, 24 of 29 firms had country distributions that differed from a structure where all subsidiaries differ from their immediate parent (that is, a test of the null hypothesis that the firm's perfect tree statistic is equal to zero is also rejected), suggesting most firms have an organizational control structure that follows geographical lines. Table 5 summarizes the SIC-level perfect tree simulations for each firm and both dates, grouped by firm type (SIFIs, non-SIFI banks, and insurance companies). Similar to the country tree statistics, while in 11 of the 29 firms we fail to reject the null hypothesis that they have SIC structures where all subsidiaries differ from their immediate parent in 2011 (perfect tree statistic is equal to zero), by 2013 the hypothesis is rejected for all of the firms' structures (at the 95% level of confidence). There was also a similar shift nearer to a perfect tree, as all except one firm's statistic increased and the number of firms with SIC tree-similarity significantly less than one fell from 20 to 10. Nonetheless, in many cases the change in SIC structure did not actually render the firms less complex, as the associated quantile declined in 14 of 29 firms, including all five of the non-SIFI banks.
An interesting example from this table is S18. From Table 1 , we know that this firm experienced a modest (13%) reduction in nodes between 2011 and 2013, despite adding five additional countries to its control hierarchy. Over the same period, it reduced its number of SIC categories by more than 50% and doubled its degree depth. As noted above in Section 4.2, the increased degree depth is an indication of a shift toward a more bureaucratic organizational structure. Commensurate with this change, the firm's country perfect tree statistic increased both in level and quantile (see Table 4 ), indicating that the new control hierarchy was closer to a segmented structure, where children mimic the country of their immediate parent. This shift to a more divisional arrangement was not without cost, however; from Table 5 despite more parent-child SIC alignment (the perfect tree statistic increased from 0.666 to 0.844), the resultant firm was less functionallyarranged as it dropped from the 75 th percentile to the 37 th percentile in its proximity to a perfect tree.
Discussion
Are SIFIs really more complex from a supervisory perspective?
In Table 1 , we see that in 2011 SIFIs had tree structures with more than three times as many nodes, higher degree depth, greater geographical reach and more than double the amount of SIC variation in their subsidiaries than both non-SIFI banks and insurance companies. In addition, SIFIs on average had $1.82tr in total consolidated assets as compared to $0.72tr for non-SIFI banks and $0.61tr for the insurance companies in our dataset. So do our complexity measures tell a regulator anything more about the appropriateness of a systemic risk designation than could be gleaned from simply looking at the size of an institution?
To reiterate, we consider the term "complexity" from a supervisory perspective, namely:
(1) how difficult is it to supervise the firm, (2) how likely is a supervisor to identify a problem with the firm if it exists, and (3) how easily can a problem be mitigated/remedied once identified? We assume in this context that the closer a firm's control hierarchy to a perfect tree, the easier will be its supervision. This is because such a firm will require less coordination among supervisors in different geographical and industry jurisdictions. In other words, we assume the risk posed by institutions is related to the risk associated with an individual country/industry supervisor's ability to monitor the firms for which they are responsible, as well as the coordination across these various supervisors.
From this supervisory perspective, one might at first glance consider SIFIs to be on average more complex than either the non-SIFI banks or insurance companies, as a result of their much more elaborate control hierarchies based on the dimensions given in the data (# of nodes, countries, SIC groups, and degree depth. Yet for the most part they also had a greater proportion of child nodes that were from the same country or SIC classification as their immediate parent than did the insurance companies. Importantly, given their elaborate control hierarchy, they were in many cases closer to a perfect tree than most of the simulated trees, judging from their quantile position. Thus the SIFIs may not necessarily present greater supervisory challenges, despite their larger size and more elaborate structures, assuming sufficient oversight in each country and industry. Put another way, the ability of a firm to quickly reduce its exposure with respect to a specific country or industry appears to be similar between SIFI and non-SIFI banks. In contrast, insurance companies in 2011 appear to have more complex organizational structures, with more extensive cross-country and cross-industry reporting structures, that might prove harder to untangle in a crisis.
Is size a sufficient statistic?
In the aftermath of the recent financial crisis, calls to end "too big to fail," the so-called practice of bailing out the largest, most systemically important financial institutions, have intensified. Most often, the concept of too big to fail implies a firm whose size is larger than a specified threshold. Yet size is but one of the criteria mentioned in the SIFI definition.
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Consistent with the idea that size and systemic risk are synonymous, regulators typically delineate a size threshold to identify firms that pose considerable risk to the global financial system. Some recent examples include: (1) the Basel II capital regulations identified socalled "mandatory" adopters as "those with consolidated total assets (excluding assets held by an insurance underwriting subsidiary of a bank holding company) of $250 billion or more or with consolidated total on-balance-sheet foreign exposure of $10 billion of more" ( 72 FR 69290, December 7, 2007) ; (2) the Basel III final rule retained these threshholds and additionally articulated "enhanced disclosure requirements…for banking organizations with $50 billion or more in total consolidated assets", noting that small bank holding companies (those with total consolidated assets of less than $500 million) remained subject to a prior rule (12 C.F.R. 17, pts. 208, 217, and 225) 16 ; and (3) the Dodd-Frank Act similarly articulated a $50 billion or more threshold to identify firms subject to a specific treatment of off-balance-sheet activities in capital computations.
Despite the ease of implementation, a size-based threshold is in many ways unsatisfactory, precisely because it does not take into account the level of complexity of a firm's business activities. To quantify this point more generally, we obtained data from Bloomberg® on total consolidated assets of all firms in our sample and computed the Pearson rank 15 There are a variety of definitions of size that arise in the banking and finance literature. The most common in recent banking regulations (e.g., Basel II, Basel III, Dodd-Frank) is specified in terms of total consolidated assets. Other definitions might include market capitalization, number of distinct entities, number of employees. Generally speaking, however, in the "too big to fail" context, size is usually considered in financial (e.g., dollar) terms, rather than in terms of features of organizational structure. 16 A number of other parts of the Basel III regulations were also based on a size threshold. For example, the length of allowable transition period for the phase-out of trust-preferred securities from tier 1 capital according to whether a firm had more or less than $15 billion in total consolidated assets (as of December 31, 2009), correlation between that and both country-and SIC-perfect tree similarity statistics. 17 The rank correlation was -0.32 and -0.36, respectively. In contrast, the rank correlation between size and the number of nodes was 0.58, reflecting the fact that firms with more total consolidated assets generally have more subsidiaries. Taken together, these numbers highlight the fact that the link between asset size, number of subsidiaries, and the number of countries and industries in which a firm operates is not exact; that is, the perfect tree statistics are measuring something different than just the number of nodes. This point is also illustrated in Figure 7 , comparing the ranks of the firms' size to the ranks of their country (top chart) and SIC (bottom chart) perfect tree similarity statistics. In particular, if size and the perfect-tree statistics measured the same thing, we would expect the points in this figure to lie along the 45-degree line. Instead there is a slight negative relationship, particularly among the SIFI firms; the larger firms are less complex from a supervisory standpoint, with a larger proportion of trees being self-contained (where the child node is in the same country as its immediate parent).
To see how such information might be used in practice, we offer two examples:
(1) Firms S4 and S5 have very similar asset-size, yet in 2013 S4 has three times as many subsidiaries (nodes) and activities in 50% more industries than S5. In contrast, it is only active in half as many countries. Hence the supervisory challenges associated with these firms may be very different, S4 requiring coordination among many more industry regulators and S5 requiring substantial coordination among different country supervisors. Yet both their country and SIC perfect tree-similarity statistics are similar and close to one. And while their perfect tree country statistics would place them at the 100% quantile (i.e., closer to a perfect tree than all 1000 simulated firms with identical tree structure), S4's SIC statistic, while higher in value than S5's, is below the 33% level (by comparison, S5's is just below the 54% level). Taken together, these statistics would alert regulators to the SIC dimension of S4's business. Note from Table 1 that the absolute number of SIC activities of S4 is not particularly unusual: there are 12 firms that have subsidiaries in a greater number of industries. Yet for its organizational structure, there is only one firm (S2) that has a statistic with a lower quantile score.
(2) Another comparison of interest is between S6 and S12. These two firms are very similar in their tree similarity statistics (both country and SIC), as well as the quantiles to which these statistics correspond. Both firms' SIC quantiles are near the median of the simulated distribution for their corresponding tree structures and hence might warrant additional supervision. Yet S6 is nearly 50% bigger in asset size and has more than four times the number of subsidiaries (nodes) than S12. A size-only threshold would potentially miss the complexity of S12.
Has complexity changed?
A comparison of the left and right blocks of columns in Table 4 and 5 (corresponding to results as of May 26, 2011, and February 25, 2013, respectively) , reveals a number of interesting observations:
 In 2011, 6 of the 29 firms had country structures that were not significantly different from a random tree structure (a perfect tree similarity statistic of zero). By 2013, all of the firms' structures differed.  Despite their nonrandom structure, in the 21 months between May 2011 and February 2013, the firms in our sample substantially reduced their level of geographical complexity. In the earlier sample, 9 firms (6 SIFIs, 2 non-SIFI banks, and 1 insurance company) had country structures that were statistically significantly different from a perfect tree (as perfect tree similarity statistic of one), while by 2013, only 1 remained.  The reduction in geographical complexity was partially achieved through a change in structure and reduction in geographical intraconnectedness for each firm. For 25 of the 29 firms the country perfect-tree similarity statistic moved closer to one. In addition, over all 29 firms the range of statistics narrowed (from [0.261 to 0.963] in 2011 to [0.510 to 0.991] in 2013).  By 2013, most firms were in the very upper tail of the country perfect tree distribution, with more than half the statistics above all of the simulated values corresponding to their firm's structure (quantile = 100%).  In contrast, while most firms' SIC structure moved more closely to a perfect tree in 2013 (i.e., the number of firms with SIC perfect tree-similarity statistic significantly less than one fell by 50%, from 20 to 10), the associated quantiles declined in almost half the firms, including all five of the non-SIFI banks, indicating that the change in SIC structure did not commensurately reduce the firms' complexity along this dimension.  As noted above, supervisors can also use measures such as these to inform their choices of which firms merit additional scrutiny. For example, for firm S2, despite an increase in its perfect tree similarity statistic between 2011 and 2013, the associated quantiles declined, indicating that the firm's geographical complexity may not have declined commensurately by the change in structure.
Taken together, these results indicate some reduction in country and SIC complexity for most of the firms in our sample. While SIFIs have made the most progress, there have also been large changes in the non-bank SIFIs and insurance companies. There is little evidence that the increase in size as a result of the post-financial crisis consolidation of the banking sector has led to greater jurisdictional complexity; for most firms, both supervisory oversight and possible wind-down or paring of assets would be easier now, given their organizational structure, than in 2011.
In contrast, an examination of the power law results indicates that most firms' power law exponents have increased, implying a lower Gini coefficient, that is, the degree distribution is more evenly distributed. Hence the firms in our sample appear to have reduced their country and SIC complexity while increasing their degree distribution complexity. What the implications of this shift are for systemic risk remains to be seen. On the one hand, it means that on average, each firm's risk is more evenly distributed across a variety of countries and industries, so that the control hierarchy is less highly concentrated in one country or industry, suggesting greater diversification of risk. On the other, it means there is a greater need for international and industry coordination among supervisors. In contrast, three of the non-SIFIs saw a reduction in their power law exponent, suggesting increased concentration. Such a move might represent a firm's decision to focus on its core business but it could also signal a greater sensitivity to business cycle fluctuations as a result of excessive concentration. These interpretations are left for future research.
Conclusions
The 2008 financial crises highlighted the risks that large, multinational, complex, interconnected banks pose. Since then, debate concerning which firms warrant a SIFI designation or are "too big to fail" has led to a large amount of research into the complexity inherent in financial transaction networks. Yet little emphasis has been placed on the challenges that a firms' internal complexity presents to supervisors tasked with evaluating a firm's riskiness.
In this paper, we propose using a firm's control hierarchy as a proxy for such supervisory challenges. By defining complexity as a function of the firm's tree topology we demonstrate that complexity and size are not synonymous and thus warrant distinct mention in the SIFI definition. We additionally propose using a perfect tree statistic to quantify the ease of supervision in a number of dimensions: (1) the need to rely on coordination or information from supervisors from other countries, (2) the implications of severing the link to a subsidiary, and (3) the ability to assess how to wind down a firm through paring of subsidiaries with minimal risk. By comparing data from 2011 and 2013, we find that on average the ease of supervision along these dimensions improved.
Contrary to conventional wisdom, our results suggest that some of the SIFI-designated institutions may not pose greater supervisory challenge since their control hierarchy more closely resembles a perfect tree than some of the other firms in our sample. We find little difference between SIFIs and non-SIFI banks. In contrast, the insurance companies in our sample are more complex according to these three criteria, despite being smaller in size, having fewer subsidiaries, and being less geographically or industry-diverse than the banks. Table 3 . This table summarizes the "in" transition statistics with respect to country labels. That is, for any country A consider all the entities incorporated in A. Here we list the fraction of the children of such an entity that are also incorporated in A (P(A|A)) for any country where in 2011 the in-country probability is neither zero or one, along with some additional countries from 2013. Table 4 : Summary statistics describing the regularity of a firm's country control hierarchy for two periods in time, May 26, 2011 (left panel) and February 25, 2013 (right panel) . The columns labeled "Perfect" refer to the treesimilarity statistic equal to the number of nodes that have the same country designation as their immediate parent divided by the total number of nodes in the firm's tree. In a perfect tree, deletion of a node and its children will not change the value of the statistic. From a supervisory perspective, this means that supervisory oversight follows firm organizational lines. A number closer to one signifies greater proximity to perfect. The columns "Mean", "Stdev" and "Quantile" are summary statistics describing simulation with 1000 replications where each firm's tree structure is taken as given and the node identifiers are randomly drawn according tothe actual probability distribution of the firm. Table 5 : Summary statistics describing the regularity of a firm's SIC control hierarchy for two periods in time, May 26, 2011 (left panel) and February 25, 2013 (right panel) . The columns labeled "Perfect" refer to the tree-similarity statistic equal to the number of nodes that have the same SIC designation as their immediate parent divided by the total number of nodes in the firm's tree. In a perfect tree, deletion of a node and its children will not change the value of the statistic. From a supervisory perspective, this means that supervisory oversight follows firm organizational lines. A number closer to one signifies greater proximity to perfect. The columns "Mean", "Stdev" and "Quantile" are summary statistics describing simulation with 1000 replications where each firm's tree structure is taken as given and the node identifiers are randomly drawn according tothe actual probability distribution of the firm. Figure 1 . Basic network terminology and structures. This figure shows a particular example of rooted directed tree. The root is node A, while B, D, and E are leaves or leaf nodes. Node C is neither the root nor a leaf and is sometimes called an internal node. Nodes B and C are children of the node A, which is the parent of these nodes. In addition, this is a regularly branching tree in which each node that has children has exactly two children. This tree has depth 2 (the distance of from node A to either node D or node E) and a total of five nodes. If this were the tree corresponding to a control structure of a financial institution, then the "ultimate parent" would be node A and nodes B and C would be direct subsidiaries of A in which A still held a controlling interest, while D and E would denote subsidiaries of C in which C held a controlling interest. Figures 2a-d. The control hierarchy of SIFI S11, color-coded by distance from the ultimate parent, by depth, country, and both 1-digit and 2-digit SIC classifications (classifications are available at www.secinfo.com/$/SEC/SIC.asp?Division=I). A consistent layout is used for all three representations, for comparability. Node size is proportional to distance to the ultimate parent, with larger nodes corresponding to closer distance. Figures 3a-c. The control hierarchy of SIFI S16, color-coded by distance from the ultimate parent, by depth, country, and 1-digit SIC classification. A consistent layout is used for all three representations, for comparability. Node size is proportional to distance to the ultimate parent, with larger nodes corresponding to closer distance. NONE  67  62  73  65  64  87  15  50  63  55  56  54  49  17  51  27  72  75  35  34  80  28  59  36  58  48  79  37 S2  S3  S4  S5  S6  S7  S8  S9  S10  S11  S12  S13  S14  S15  S16  S17  S18  S19  B1  B2  B3  B4  B5  I1  I2  I3  I4  I5 S2  S3  S4  S5  S6  S7  S8  S9  S10  S11  S12  S13  S14  S15  S16  S17  S18  S19  B1  B2  B3  B4  B5  I1  I2  I3  I4  I5 . For each firm, we plot the fraction of nodes at each level in its control hierarchy (i.e., the distance from the root), for 2011 and 2013. For ease of comparability between 2011 and 2013, for firms with more than nine levels in 2013, the fraction of nodes beyond level 9 are aggregated into the ">10" distance. The fraction of nodes at each level for the entire sample of firms we consider is shown in the right-most column ("avg"). Notes: These charts show the distribution of size rank versus 2013 country (top chart) and SIC (bottom chart) tree similarity ranks, for all 29 firms in our sample, shown separately for SIFIs, non-SIFI banks, and insurance companies. A higher rank indicates greater complexity and/or larger size. While it is evident that the non-SIFI banks and insurance companies are smaller in size than the SIFIs, there is also evidence that the insurance companies have country tree similarity statistics that are farther from a perfect tree (i.e., they are more intermingled and hence potentially more difficult to supervise/regulate). In contrast, the non-SIFI banks are similar to their SIFI counterparts in that some have tree structures that are close to perfect and others far away. Data on size as of December 31, 2012 are obtained from Bloomberg®.
